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COMMENT

On the spectrum of one-electron Hamiltonians with
impurities
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Institut de Physique, Université de Neuchatel, Rue A-L Breguet 1, CH-2000 Neuchétel,
Switzerland

Received 23 January 1978, in final form 30 May 1978

Abstract. We study the modifications introduced in the spectrum of a one-electron
Hamiltonian with a locally square integrable periodic potential by a class of perturbations,
including finite sums of Coulomb potentials. We also remark on some qualitative
differences with respect to the spectrum associated with trace class perturbations consi-
dered by J Avron.

The analysis of doped insulators or semiconductors has shown that the presence of
defects or impurities may lead to the introduction of discrete energy levels in the
forbidden energy bands (see Bassani et al (1974) for a nice review). The simplest
model used to describe such a system is a one-electron Hamiltonian with a locally
square integrable periodic potential, to which an element of a large class of long-range
order potentials, including Coulomb interactions with a (finite) number of impurity
centres, is added. The main purpose of this note is to prove that under these condi-
tions the perturbation introduces at most isolated point eigenvalues of finite multi-
plicities in the forbidden energy bands, which may accumulate at most at an extreme
point of a band. The proof is a very simple adaptation of Hunziker’s classic argument
(1966), together with a remark of Thomas (1973), but because of its relevance to the
models, it seems useful to present it here.

In the so-called crystal momentum representation (Blount 1963), neglecting
interband transitions, there exists a similar result under the assumption that the
perturbation is of trace class (Avron 1977, theorem 2). We comment on some
qualitative differences between the spectrum in this approximation and in the less
restrictive model considered above.

Let L be a lattice in R* and V a potential with

V(x+t)=V(x) xeR® teL. (1)
Let

Hy=-A+V )
as an operator on ¥ = LZ(Rs,_ d3x~). If L is the lattice dual to L (reciprocal lattice), let
Ho(k) be the operator on I(L,), L being the coset corresponding to k eR*/L (Avron
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et al 1974), given by
Ho(k)=T(k)+V
(T(kY¥Xp)=(p+k) ¥(p) pel  keR’/L
(V¥)p)= qu_ V@)Y -q)

V@=IA" | exp(-ign)V () ¢’x

where A is a basic cell of L. Then (Avron et al 1974) H, is unitarily equivalent to the
direct integral

@
J' Ho(k)d3k
B
on
=23
%=j I3(L) &k,
B

where B =R*/L is the Brillouin zone. We assume V e Li(R?, &%) or, equivalently, in
view of (1),

vi=] VP dr<oo, ®)
A
The properties of Hy are summarised in the following proposition.

Proposition 1 (Avron et al 1974, Thomas 1973). H, is self-adjoint on D(H,)=
D(~-A)t and bounded below. 2y, is absolutely continuous. Zy, consists thus of the
union of a countable number of connected disjoint closed sets, which we shall call
‘bands’. Let now

H=Hy+U (4)

where U is a multiplication operator on #, satisfying the condition
UeL*R*)+LTRY) )

in the notation of Hunziker (1966). This condition allows for potentials of type

N /\i

Ulx)=Y

=1 x— x|

N<

where the A, i=1,..., N, are real constants (related to ‘dielectric constants’ in
Bassani et al) and x; =1, ..., N, arbitrary points in L.

Proposition 2. H is self-adjoint on D(H)= D(— A) and bounded below.

Proof. V is a Kato-small perturbation of (—A), that is D(V)2D(—A) and for all
Y€ D(—A) and all € >0 there exists b(e)< o such that

IVel<ell—agli+b(e)vl. (6)

1 For any operator A on ¥, D(A) denotes its domain and £ 4 its spectrum, and if zg S 4, Ra(z)=(z ~ A)™".
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Since V is assumed to be only locally L?, the standard Kato proof of (Reed and Simon
1975, theorem X-16) does not apply immediately. However, the result follows easily
from Avron et al (1974). Let E be negative real. We have for all ¢ e D(H,),
Vi = V(E +A) (E +A) because (V(E +A)™") is bounded:

IVE+ay = L Ek 5 RNE = TE) o <IBlo* T (E-j)=¢ ™

jeLy

This also shows that (6) holds, with e as defined by (7), and b(e)=€|E/|, and € may be
made arbitrarily small by choosing E sufficiently large negative. By (5), U is a
Kato-small perturbation of (— A) (Reed and Simon 1975, theorem X-16), hence so is
(U + V), and the final assertion follows from the Kato-Rellich theorem (Reed and
Simon, theorem X-12).

Proposition 3. If z¢ Xy, the operator
A(z)= URyy(z)

is a compact operator.

Proof. By Hunziker (1966) it is sufficient to prove that
Ai(z)=UiRy,(2)

is Hilbert-Schmidt for zg Xy, and U, e L*(R®), and by standard arguments it is
sufficient to prove this for any negative real E€ 3y,. As in Thomas (1973), this follows
by writing

A((E)=AA;(E)
where A, = U,(1-A) " is Hilbert-Schmidt (Hunziker 1966) and

®

As(E)=(1-A)E-H) ' = [ (1+TUNE =T (k) 1=k )E-T (k)] d’k
B

is bounded for E sufficiently large negative (Avron ef al 1974).

Proposition 4. (a) 2y, =2y (b) The part of Iy in the complement of Sy, (in
particular, in a ‘forbidden energy band’) consists of isolated point eigenvalues of finite
multiplicities, which may accumulate at most at the extremities of a band.

Proof. (a) Define, for each x € L, the operators T, by
(TfNy)=fx+y) fe* xeL yeR’

It follows by the same argument of Hunziker (1966, lemma 3), that
|1|i“!o“UT‘ﬂ‘=0 Vfe D(H,).

Now, for x e L, T, and Ho, commute on D(H,) by (1). The rest of the argument is as in
Hunziker (1966).

(b) We use the Lippman-Schwinger equation

Ry (2)= Ruy(2)+ Resy(z)URk (2) 2234
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(Ru,(z)U) has a unique bounded extension (Rp,(£)U)*= URpy,(z), which is a
compact operator by proposition 3. The rest follows as in Hunziker (1966). Avron
(1977) considered perturbations of trace-class in the crystal-momentum represen-
tation, neglecting interband transitions (‘small’ coupling constant). As he remarked,
there are qualitative differences between the spectrum with and without these
approximations, in the case of a potential growing at infinity, and we should like to
comment on the qualitative differences in the impurity case. Under a reasonable set of
assumptions, the number of eigenvalues of H in a ‘forbidden energy band’ is finite, in
contrast to what is expected in the Coulomb caset. This is not surprising, of course,
because the trace-class condition is a ‘short-range’ condition, but the point is that the
finiteness of the number of eigenvalues is here, under this condition, an almost
universal phenomenon, due to the fact, emphasised by Avron (1977), that classically
or semi-classically the orbits in k-space do not extend to infinity.

To analyse the situation, firstly we write # as a direct sum over a ‘band index’
(Odeh and Keller 1964)

H =D ¥ (8)
n=1
More precisely, each ¢ € # may be represented by a sequence {¢,)n~1 such that
6= [ @ T 1800 sut)=tuk )

where ¢ are the ‘Bloch waves’ (Odeh and Keller 1964, corollary 2 in their notation).
We define the Hamiltonian in correspondence with (8), by

H=Hy+U

H,= @IHO,;

U=838U,
n=1

(Hondn)(k) = €x(k)n (k) keB
1

(Unpn)(k)= Bl

J &k’ U, (k, k'Ybn (k") keB
B

Un(k, k') = Un(k', k)= Y. An(1) expli(k ~k')t]
teL

under the condition

C.= ZLiAn(t)l C=supC, <. 9)
te n

The above definition is equivalent to the one given by Avron (1977). If the A, (¢) are

interpreted as matrix elements of U between Wannier functions a,(-~1¢) (in the

notation and definition of Odeh and Keller, appendix). The model is a generalisation

of a model of Koster and Slater (1954). We assume that £y, , the range of €,(-) (the

T The Coulomb case has been studied by Bentosela (1977), who provided a rigorous justification of the
‘effective mass approximation’.
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‘band’ £,), is absolutely continuous, and that £, N 2,, = & for n # m, i.e. the bands do
not overlap. Hence the spectrum 2y, = U Zg,, is absolutely continuous. The operator
U is easily seen to be trace-class, whence (a) and (b) of proposition 3 hold (Avron
1977). By methods of Ghirardi and Rimini (1965, see also Simon 1971) one may
prove the following proposition.

Proposition 5. Suppose there exist non-degenerate critical points of maximum and
minimum of €,(- ) in B, for each n. Let E, = max, g€, (k), and e, =min,.ge,(k), and

1

HEE___J 3 3.0
A.(E) B Bxsdkdk

\U, (k, k')
(E — €. (k))(E — €4 (k"))

for E>E, or E <e,.

Then the number N, of eigenvalues of H in the interval (E,, E, + C,], where C, is
defined by (9), satisfies

N, < lim A, (E)<c.
ElE,

Similarly, the number N, of eigenvalues of H in the interval {e, — C,, e,) satisfies

N; < lim A, (E)<co.
E*YE,

Let G, =0 denote the magnitude of the gap between the bands 2, and X,,,. We
assume finally: there exists ¥ >0 independent of n such that

max{Cp, Cos1}<Gn—y Vn=12,... (10)

This assumption is quite natural, since we neglected interband transitions in our
definition, and C, is a measure of the magnitude of the perturbation.

Corollary. Under assumption (10), the number of eigenvalues of H in any forbidden
energy band is finite.

Proof. By proposition 4 applied to our case, the eigenvalues of H may accumulate at
most at the extremity of a band. Now, it is easy to prove that

Z=UZ HnEHon+Un.
H n=1H,

Further, by (10), there exists no point at the extremity of any particular band which is
a limit point of a sequence of eigenvalues, each one coming from one of the bands (in
principle infinite in number) which are situated above it. Hence, it is sufficient to prove
that the number of eigenvalues of H, in any two half-open intervals having, respec-
tively, E, and e, as end points, is finite. This follows from proposition 5.

Acknowledgments

We should like to thank A Grossmann, who referred us to the work of Bentosela
(1977).



1870 M Romerio and W F Wreszinski
References

Avron J 1977 Phys. Rev. B16 711

Avron J, Grossmann A and Rodriguez R 1974 Rep. Math. Phys. § 113

Bassani F, Iadonisi G and Preziosi B 1974 Rep. Prog. Phys. 37 1099

Bentosela F 197% CNRS Preprint CNRS 77/P 331

Blount E 1 1963 Solid State Physics vol 13 (New York: Academic)

Ghirardi G C and Rimini A 1965 J. Math. Phys. 6 40

Hunziker W 1966 Helv. Phys. Acta 39 451

Koster G F and Slater J C 1954 Phys. Rev. 96 1208

Odeh F and Keller ] B 1964 J. Math. Phys. § 1499

Reed M and Simon B 1975 Methods of Modern Mathematical Physics II: Fourier Analysis, Self- Adjointness
(New York: Academic)

Simon B 1971 Hamiltonians Defined as Quadratic Forms (Princeton: Princeton University Press)

Thomas L 1973 Commun. Math. Phys. 33 335



